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UNIT 10

D-Branes

10.1 T-duality (again)
Consider type-II theories. We have

ITA: (NS+,NS+) (R+,NS+) (NS+,R-) (R+,R-)
IIB: (NS+,NS+) (R+,NS+) (NS+,R+) (R+,R+)

Compactify the 10th dimension on a circle of radius R in IIA, say. As we
showed in the bosonic theory (argument is the same) the theory at R is iden-
tical to the theory at R’ = % (T-duality).

To show this, we started with the coordinate X° = U = U(z) + Ur(2) and
introduced the coordinate z = U (z) — Ur(Z). The resulting theoryis at R’ =
%. In other words, the parity transformation on the right-moving part (only!).

Xp(2) = —Xz(2)

relates the theory at R with the theoryat R’ = %. Because of the superconfor-
mal invariance, this parity transformation is also applied tp the superpartner,
0 (z) ) )

V() — —¥°(2).
This, in particular, reverses the chirality of the states in the antiholomorphic
part, so R- «— R+. Therefore IIA < IIB, because that is the only difference
between the two theories. Therefore IIA at R is equivalent to [TV at R’ = %.

In particular, the IIA R-R fields, C,,, C,,,.» are mapped onto the IIB R-R fields,
C, Cuy, Cpupo as follows:

09 - Ca O,u - C,u97 C,uu9 - C,uva O,uuA - O,uuA9-

Of course, e.g., C. 0 is obtained from Cy, 09 in IIA, but C,,,p09 is not an in-
dependent field (can be expressed in terms of C,,, C\,,n) 8 + 56 = 64.
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Type-I Strings If we compactify the 10th dimension, X?(z, z), then the theory

in the R — 0 limit is mapped onto a T-dual theory at R = % — oo which
contains a D-brane.
Recall the argument, in the R’ theory, the 10th dimension is

Z(2,2) = X2 (2) — X%(2), 0,Z =0.X°

SO

Zo=m)—Z(c=0) = / dodyZ = / dod, X° = / 0 (2a/pr)
0 0 0
= 2d'pr = 20/%7r =2mnR =0.

Translation invariance is broken in the T-dual theory. Massless modes (same
as in uncompactified theory)

NS: At oIk, AW, ulk), R |5R)

where A, represents a photon tangent to the brane. The second state shifts
the position of the brane making it a dynamical object. (A is a function of k
— its ET. is a function of X*, = 0,1,...,8).

Even though the translation invariance is broken, the original theory has 32
supersymmetries! Of these, only half are broken. Thus the brane is a super-
symmetric object with 16 supersymmetries! This large amount of symmetry
implies the existence of conserved charges. What are they?

Our brane has 8+1 dimensions, so its volume element couples to the R-R po-
tential, C, s, o (AV ~ €4y pn . podxt...dx!).

Recall familiar examples:

e A point charge ¢ moving along a trajectory z*(7) has the action ¢ [ drv* A, =
[drj*A, = q [ da*A,. The charge ¢ is conserved.

e The magnetic flux: @ = [ B.ds , B =V x A Define a field strength:
Fij = 8114] — 8JA1 Then B, = %Eiijjk, so & = fFJdejk where
dSi* = 1ekdS; is the surface element. This is the magnetic charge,
i.e., 0. Similarly, for the electric charge field, ®r = [ Fy;dX% o q.

For the R-R charge on the D8 brane, we have

Q x /dx“l...d;v“ng,,,Mg

If we dualize two more dimension, the brane becomes a 6+1 dimensional ob-

ject, (D6-brane). Two more gives D4, two more gives D2 and two more gives a

DO brane which represents a point particle. The charges are [ dz"C,,, [ daz" dxz>...Cp,p,...
which are the R-R fields in type IIA theory! On the other hand, the D(2p+1)-

branes couple to Cy, 1., Cp, uopspa» €C., which are the potentials in the type-

IIB theory!
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Not all these potentials are independent. Consider, e.g., DO-brane coupled
to C,,. The DO-brane is a point particle (with strings attached- hairy) with
charge ¢ which is the source of C), and field strength F},, = 9,,C, — 0,C. qis
an electric charge. The flux [ F,, d=* « ¢ (Gauss’ Law).

In four dimensional electromagnetism we may define the dual of F,,, as F, =
% €upo F'P? which interchanges E < B. Then the electric charges become
magnetic charges. One may define a vector potential A4, corresponding to
F,, and describe electromagnetics in terms of A, instead of A,,. 4,, can not
be defined globally, since the magnetic flux around a charge is no longer zero,
but it can be defined in patches, or almost everywhere apart from the string
(Dirac string). If we include both electric and magnetic charges, then no
action can be defined, yet the theory still makes sense. The existence of a
monopole leads to quantization of the electric charge (Dirac).

Proof: Consider a point particle moving from #7 — 3. Its wavefunction
changes ¢ (71) — ¢ (Z2). If I want to compare ¢ (%;) and ¢ (Z2), then I will
define the quantity ¥ (Z3) x ¢(#1). In the limit ¥> — #; (closed path) we
obtain |4 (&)|?. Gauge invariance: (%) — e N®)y(&), so Y* (L) (F) —
e dM@2)=A@1) g% (#,)9)(Z; ) This is not a gauge-invariant oblect. To make it

gauge-invariant, multiply by e’/ A4/ 4 —, AV ), s0deit ] Adf = =ia(\@1)=A(#2)),

S0 * &y )ei S Adly (7)) is gauge-invariant (physical)!

Go around a loop: we have ¢'¢$ 44|y (i, ). By Stoke’s theorem, §, A - dl =
s B - d3 (flux through S).

If the path shrinks to zero, then §, A-dl = [, B - d5 = 0.

In the presence of a magnetic monopole, [ B - d3 = m, the magnetic charge,
s0 ¢ Js Bd5 — ciam We must have ¢“™ = 1, therefore gm = 27n, i.e., ¢ is
quantized even if only one magnetic monopole exists in the entire Universe.
Returning to D-branes, the C,, potential on the DO-brane has field strength
F,, whose dual is e##2--#10F, (8 indices). It corresponds tp a potential
with seven indices, C},, ., ...,., Which resides on a D6-brane.

Thus the DO electric charge is a source for the same field for which the D6-
branes magnetic charge is a source. More generally, the electric Dp-brane
charge and the magnetic D(6-p)-brane charge are sources for the same field.
Action for DO-branes electromagnetism:

1
S = —§/d10x \/—gFWF“”—i—q/d;v“AM

The potential between two points (DO-branes) is a Coulomb potential (in

10D)
2

q
V(y) x =
) "
In momentum space, this is obtained from the propagator — ;- where k" is
the momentum of the exchanged boson (photon). Then

2 2
_ 104, ik-g4 _ 15V ¢
V(y)——z/d ke Uﬁ__l?,%-‘lf
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where V = [ dw.

With D-branes, the potential comes from the exchange of closed strings. This
may also be viewed as an open string with ends at y = 0 and y = y moving
around a loop. We already know how to calculate it.

The answer is

Z :/ ﬂZ(t), Z(t) = Tr e~ 2mtlo,

Recall our result earlier

ZNS = Z%/ d8(16 + 0(6728))7 s =
0

7
8w (8m2a/ t

Now we have 9 dimensions (16 compactified), so s = %. Also there is no

integral over spatial momenta, only the energy D0-branes have world-lines,
so the contribution from 0-modes (872a/ t)fD/ 2 (87r2o/t)71/ ? therefore,
there is an additional factor (87720/t)_(1_D)/2 — (872at)”?.

An extra factor of 4 = 2 x 2 (2 from XXXXX and no need to average over
orientations). Finally, since Z (o = 7) — Z(c = 0) = y, the expansion contains
an extra term Z = yZ +... which gives an extra contribution to L, = #220/ +..

2 ,
Therefore the extra factor is given by e 2™ @77 = ¢~t%’/2m  The partition
function becomes
iV (4 x 16) /°°7rdt 5 10/2 v Samar
VA 2208 t / ty® /2T
- 8w (8w2a’)5 J, 2 (B a’t)™ e
15 1
— 2 13
= V(2m)(4n=d) Sl 7

This is compared to the potential V(y) = —i42% Z—i

Zr=V(y),but Zr = —Zys, 80 ¢*> = 2n(4n%a’)3.

This generalizes to Dp-branes: (872a't)%/? — (872a/t)(®~P)/2, The potential
generalizes to V,(y) ~ -7 and the charges become ¢; = 2r(47°a/)*"?.

For the D6-brane, qg = (47722%, S0 geqo = 2w, the Dirac quantization condi-

tion with n» = 1! In general, g,qs—, = 27, confirming that the Dp-brane and
D(6-p)-brane act as electric and magnetic sources for the same field.

In fact it is the R-sector

10.2 D-branes at angles

So far we have considered similar D-branes separated by a distance y. These
are parallel D-branes. More generally, we can have a Dp-brane and a Dp’-
brane along different subspaces and they may even intersect e.g., a D8-brane
obtained by dualizing X° and a D8-brane from X® dualization. These two
branes have the space (X!, X2, ..., X7) common. One may be obtained by ro-
tating the other by 90° in the (X®, X?) plane. An open string may stretch be-
tween these two branes. Then its X° coordinate will obey Dirichlet boundary
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conditions at one end and Neumann boundary conditions at the other. The
X?® coordinate is reversed: Neumann boundary conditions at one end and
Dirichlet at the other. Thus the modes expansions will be different. Recall for
Neumann boundary conditions on both ends (set 7 = 0 for simplicity)

1
Xhn(o) =a! +iv2a/ Z Eaﬁl‘ cos(no).

Check 0, Xyn6p =0ato =0, 7.
For Dirichlet boundary conditions on both ends,

yo . 1 .
I — _ 20/ Mt
X5Ep(o) — —iV2a E —an sin(no)
where y is the separation of the two (parallel in the y-direction) branes. Check

XEp(0) =0, X}55(m) =y. X§y is split into holomorphic and antiholomor-
phic pieces as such

1 o 1 -
|y 1} N e — M ino
Xy = 57 + 14/ 5 g e
1 [a/ 1 -
| 7} . ~ M —ino
Xy = 2x +1 5 Z nane

Xpp is split as X}5,, = X} — X} (dual!) For DN-b.c, ie, X}y (c = 0) =
0, 9, X} (0 =m) =0, we obtain

~

Xpplo)=—v2a/ %gsin(ro).

reZ+1/2

ot

For ND-boundary conditions, we have X}, , (o) = iv2a/ 2 [ 2412 % cos(ro).

The superpartners * and ¢* are similar.

Generalize to general angles. Suppose that there is an angle ¢ between the
branes and consider strings stretched between the two. Define Z = X8 + i X°
(the brane at X? = 0 is not rotated-no loss of generality). Atoc = 0, X° = 0
and 9, X8 = 0,s0Im(Z) = 0, Re(Z) = 0. At 0 = T, the brane is rotated by ¢,
$0 Z — €'Z,s0Im(Ze~* = 0, Re(Ze™?) = 0.

We may expand in terms of the modes

2 T irc 2 7J“r —iro
o\ B e £

reL+2 rez—2

a, and o;F are independent, because they involve of and o (a,, = o + o).
Ato =0:Z ~ O(ar+a;t),s0,Im(Z) = 0,and 9, Z ~ (o, —;F), so, Re(0,2) =
0.

Ato =m Z ~ (a, + a;f)e'?, so, Im(Ze= ) = 0, and 0, Z ~ i(a. — a;7)e'?, so,
Re(9, Ze~ %) = 0.
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10.3 Partition Function

The partition function has contributions from both the «,’s and «o;’s. It is
easy to see that for ¢ = e =2

z = ¢ J] =) [ =o't

rez+2 rez—2
ad ® ad ¢

= ¢ [[a-gH) [Ja—gm )
m=0 m=1

where a is the Casimir energy (normal ordering constant in Ly =: Ly : —a).
Recall a = —1/24 for a boson, because a = 3 77 | n = £((1) = —1/24. Here
the sum becomes

R G EHESH I

To prove this, look at the twisted sum problem (Polchinski 2.9.19) done last
semester.

Also,

N AT I oY ) |- L1 !
Z“52(mﬁ)—ilﬁ‘g(?(“;)‘l)1—2[24 8(
TEZJF% m=0
>0

2
which is the same as before. So, a = 3 — 1 (1 — 2%) . Therefore,

o0

-1
7 — qa(l _ Z)—l lH (1 _ qu)(l _ Z—1q771)] , z= qu/ﬂ' _ 6—2(;51& — 2miv

m=1

This can be expressed in terms of

V11 (v, it) = —2¢/8sin v H (1—¢™)(1—2¢™)(1 —2z"1¢™),

m=1
and -
nit) = ¢ T (1 = ¢™).
m=1
Indeed,
n(it) —1/24—1/8—a_ 1 m 1]t
W) - 1— 1—
Y11 (v, it) 21 sin mv [H( ") =2"d")

1

2

1 _
1/24 1/8— al ZZ

2 sin Tv

<15

/27T 7
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Therefore
e’ t/mn(it)
= nwin
Similarly for the fermion, we obtain
_ Vap(vit)
—e®®t/mp(it)’

fora,b = 0,1 (NS-NS, NS-R, etc.)

Notice that the bosonic Z diverges as v — 0, i.e., ¢ — 0. In this limit the
two branes become parallel to each other, and the string is free to move along
them, i.e., it has an additional (continuous) momentum, whose trace gives
Tr ¢fo ~ —X_, where V is the volume of the dimension along the brane.

V8malt’
Therefore,
1 o0
7z = ¢*— 1—¢™)7 2% a=1/24—1/8=-1/12
1% R
= Ve "

The fermionic partition functions Z,; do not change. Suppose as ¢ — 0, both
branes are in the X8 direction. Now take the dual of X®. Since we have Neu-
mann boundary conditions in X8 (Dirichlet in X?), in the dual, we will have
Dirichlet in X®. So in the dual picture, the two branes will become distinct
points separated by a distinct y.

If originally we had Dp-branes, we end up with D(p-1) branes in the dual
space. Open strings are stretched between the two branes. Thus, instead of

. . . 2 .
a continuous momentum, we now have a contribution —%— in L, therefore

4n2a’
—ty? /2w’
3

e ,y% = y3 + y2, in general. The partition function is

2 ’ = 2 4 . —
7 = qaefty /2T H (1 _ qm)f2 — et /2T (n(lt)) 2

m=1

Example: Consider two D4-branes at an angle ¢; in the 23-plane, ¢, in the
45-plane, ¢3 in the 67-plane, ¢, in the 89-plane and separated by a ditance
y in the 1-directioin. In each plane, we obtain a partition function for the
fermions:

ﬁab(l/i, it)

Zap (@i, it) = Wn(it)’

L v—igit/pi, i=1,2,3,4.

Putting them together, the fermionic partition function is

4 . 4 . 4 . 4 .
1 1900(%‘, Zt) 1910(%‘, Zt) 1901 (l/i, Zt) 1911(%‘, Zt)
7y =5 T Sttt - TL il - TL et - TL ety

P e®t/my(it) Pl e®t/ T (it) b} e®t/my(it) P e®t/ ™ (it)
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Generalizing our earlier result, when ¢; = 0 = v,

1

Zs = gy (Wao(0.17) = 93o(0,7) = 981 (0,i7) = 0, (0,47))

Earlier we used the abtruse identity to show Z,;, = 0. Now, we shall use the
generalization of the abstruse identity:

ﬁ 950(0,i7)— 1°_°[ 916(0,i7)— 1°_°[ 95,(0,i7)— H 91,(0,i7) =2 H Y11 (v, it)
m=1 m=1 m=1

=ig;t/, ¢/1:§(¢1+¢2+¢3+¢4)7 ¢/2:§(¢1+¢2—¢3—¢4)
¢§:§(¢1—¢2+¢3—¢4)7 ) = 5(P1 — P2 — P3 + ¢a)

Notice 32, 62 = Y1 02,50 [[1, e®it/™ = []1_, '™ and

H?:l 911 (v, it)e—¢§2t/ﬂ

7= D)
Bosons: Recall in the 89-plane
2 .
Zposon = —i%
so in the 234...9 direction
ebit/m

Zyoson = 7]4(Zt) —_— -
il;[l 1911 (I/i, Zt)

1
v 87;204% :
In the 1-direction, we have branes separated by a distance y, so Lo = ;25— +
ty?/2ma’

In the O(time)-direction, we have a continuous distribution, so Z ~

.., 8041 ~e”
Multiplying everything, the partition function becomes (potential)

g 1 Vi1 (v it)
V=— —ty?/2ma’ 11
ot Vot H V11 ( Vz,lt)

This is a complicated function of y. We will calculate it for large distances. If y
is large, the dominant contribution to the integral comes from small ¢ (due to
the etv?/2me’ factor). If we set ¢t = 0 in the ¥-function, we obtain a constant and
the integral diverges. We will calculate the force, which is a physical quantity
and define the potential on the integral, V' = — f Fdy.

_av o gt e~tv'/2mel Ay (U] it)
dy Yo VRarart =1 V(v i)
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From
4
I (vyit) = =2¢"*sinmv [T (1= ¢™)(1 - 2¢™)(1 = 27'¢™),
m=1
and ,
1911(—i1//t, Z/t) = —ivVte™ /t1911(1/, it),
we obtain

f[ o H O (—ivlJt,i)t)
i1 191 l/l,Zt 1911 Z'Vi/t,i/t)'

Ast — 0,q=e 27/t - 0,501 — []* sin inv; /¢

i=1 sinimwy; [t

/
Vi:i¢t/7T—>Z'7Tl/i/t:—¢i, II= HM

51ngz5l
So
4
o dt 2 / sin ¢
FNCy/ —eW/2me 0o const. —t,
0o Vit o/ V82 };[1 sin ¢;

and the potentialis V' ~ Cy.

10.4 Scattering

How do you make a D-brane move? Simple. Motion in e.g., the 1-direction
is motion in Minkowski space (X°, X'!) just like a rotation in Euclidean space
(X8, X9) we studied above.

X0 _ ( cosh¢  sinh( X0 X8 . cos¢ sin(¢ X8
X! sinh{ cosh( xt ) X9 —sin¢ cos( X9 )
whereX! = vX° and the speed (v) is defined by the rapidity (¢) as v = tanh (.

The rapidity is related to the velocity via

1 . v
1—02

cosh( =

Consider two parallel Dp-branes moving with relative velocity v in the X!-
direction and separated by a distance y in the z-direction (branes are perpen-
dicular to bot X! and X?2). In the 01-plane (Minkowski), we may copy our
earlier result with the substitution ¢ = —i¢: The bosonic part of the partition
function is

G2t/ (s
€ 1t ) )
Zposonic (01) = —? 1911(1/7’]575)) ) ¢ = —i¢, v= qut/ﬂ- - Ct/ﬂ-
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The fermionic part is
_ Dap (v, it)
—e®t/mp(it)

In the rest of the direction, the D-branes are parallel, so all other angles are
zero. Therefore, the fermionic piece is

Zab

Zp = ‘)KWV”WW@Jﬂ%&Q#y—mdu#w%mJﬂ

—1901 (l/, it)ﬁgl (0, it) - 1911 (V, it)ﬂ?l (O, Zt)]
This may be computed by applying the generalized abstruse identity. We have

1 =¢, ¢p2=¢3 =04 =0,

SO .
o = 0 = 9 = &, = 50
and therefore ) )
_ —¢%t/mgd (L4 s
Zf 27]4(1'2?)6 1911(2¢,2t).

The bosonic piece in the other directions (X2, X3, ..., X? total of eight ... six
of which are transverse) is

1 P iomal
ZSOSDM%:‘/;D <m) e W /2 (n(lt)) 6

Therefore the partition function is

. < dt i e e U (V)2,0)
77— _ 2 7 p/2 —ty“/2na’ V11 s 9 _
sz/O " (87=a't) e i) (nGt))™, v=_t/m

As the branes move the distance changes to r? = y%+v272. The potential may
be extracted from

zz_y[:mvwﬂwy

We easily obtain

. 2VU 0 B L , 194 (ZC/Q’]T Z/t)
Vir,v :27’7/ dt $6—p)/2—tr?/2ma il WIL/A
( ) (\/ 87T2a/)p+1 0 779(1/75)1911(ZC/7T,Z/2€)

where we used the modular properties of the  and n functions.
Note:asv — 0, u — 0,s0V — 0.
Since

D11 (v, it) = =2¢"sinav [ [(1—¢™) (1—2¢™)(1=2""¢™), n(it) = ¢"** [[(1—¢™)
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we have,asv — 0, v — 0, Z — 1.

01, (i¢/2m,i/t) 8isinh4(§/2) 1,
n°(i/t)911(i¢/m,i/t)  sinh(() to.=gv+ e, ¢—w
So
2V, v o0 , ,

4 v = _+/ dt t(5_p)/2e—t'f‘ /27 +o 1}6

) (V8r2a/)rt1 Jo (v”)

~ _ vt
7'771) a/p73

Problem: as r — 0,V — oo! How can string theory claim finiteness at short
distances (r is real distance - not bogus!)?

Answer: Let r — 0 before expanding in v. r only appears in e~ /27' If we
rescale t — t/r?, the r — 0 corresponds to larget. If t is large in ¥, 7, then

4 (v
01 - sinh” (4)
9911 sinh(vt) ’

C~w

From the exponential, t ~ 27a’/r? dominates. ut ~ 2wa’u/r?, so in the limit
that r — 0, ut becomes large and the integral oscillates rapidly. OScillation on
ascale ut ~ 1,i.e., 2ra/u ~ 12, i.e., r ~ vo'v. This is the effective scale probed
by the brane: 7y = v/a’v. A slow brane (v — 0) probes scales smaller than the
string scale! Moreover, we obtain an uncertainty in the position

ox > vVa'v.

The time it takes for this scattering process is
5t ~ dz /v

Therefore,

/
dxdt > @\/%2 “v .

v v
A new uncertainty principle! It implies that coordinates do not commute! It
seems that Nature is described by noncommutative geometry. What can this
possibly mean??
Consider two branes separated by a distance y. Strings ending on the same
brane have a massless mode each, so we have two massless modes. A string
stretched between the two branes has

y2

4720/

Lo

This extra term makes Ly > 0 i.e., there are no massless modes. At low ener-
gies, we only see two massless particles from the two branes. However, when
y — 0, the stretched string develops a massless mode, and there are two of
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them. So when the two branes coincide, there are four massless modes. These
four modes can be grouped into a matrix X;; in an obvious notation.

Each X;; is the position of the brane! When we develop a particle theory we
need to treat the position of the brane as a 2 x 2 matrix. More generally, n
distinct branes have n massless modes. The particle theory is just n copies
of the same theory. When all n branes coincide, we have n? massless modes.
Each massless mode corresponds to a symmetry of the theory (U(1)). With n?
massless states the symmetry is enhanced to U(n) (n? generators).

Familiar Examples

Photon: F),, = 9, A, — 0,A,, U(1) symmetry (4, — A, + 0. \).

3 Photons: F}\, = 8§, A!, — 8, A}, U(1)® symmetry.

Weak Bosons: Demand SU (2) symmetry which has three generators, so F},, #
9, A, = 0,A.. There is a correction, to obey the enhanced symmetry F,,, =
OuAy — 0, A+ [Au, A)] (A, isamatrix... A, = Al 0;)

Gluons: Demand SU (3) - eight gluons (3% — 1).

Fuw = 044, — 0, A, + [Au, Ay, Ay = AL

where )\; represent the Gell-Mann matrices. The action is given by
S ~ /d% Tr F,, F".

If we only had eight copies of electromagnetism, we would have
S~ / d*z Tr . FI".

Now we have interactions between gluons - enhanced symmetry (gluons and
weak bosons, unlike photons have charge).
Potential: Set A, =constant, then

Tr F,, F* ~ Tr [A,, A%

Back to D-branes: X* is like a* (that can be made precise - see Polchinski
8.6). So the enhanced symmetry contains a potential

V ~ Tr [X*, X")?

where u, v run over that dimension transverse to the branes. Expand around
X* = 01in a Taylor series. There are no linear or quadratic terms in X*, so
there is no mass term (which would come from V(¢) = V(0) + V'(0)¢ +
$V"(0)¢*/m? + ..)

So we have kn? massless modes, where k is the number of transverse dimen-
sions. Also, V' = 0 if and only if all [X,,, X,,] = 0, i.e,, all X,;, commute. This
can be accomplished if we make them all diagonal. There are n diagonal el-
ements, each corresponding to one of the D-branes. Thus this potential cor-
rectly describes n coincident non-interacting free D-branes.



