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Higgs decay to two gluons

Eleftherios Moschandreou

The decay rate
An unstable particle has a probability to decay to a certain number of final states during
a given time interval. The process of decaying is described by the decay rate as

Number of decays per unit time

r

Number of undecayed particles present

One of the channels, the scalar Higgs decays through is h — 2¢ (two gluons) In the Higgs

—

rest frame, the decay rate in the neighborhood of the final momenta p and k& is:
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where M (my, — p, k) is the the decay amplitude, a quantity that describes the interactions
that take place during the decay.

From the Feynman diagram to the decay amplitude.
The decay involves a fermion (quark) loop. For each quark there are two possible Feynman
diagrams that contribute to the decay amplitude.
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1st diagram

For the first diagram. We recognize three vertices and three fermion propagators:
Each fermion propagator contributes:
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The Higgs-fermion-antifermion (quark-antiquark) vertex contribution to the amplitude is:

q = —4 %5@
v
v is the vacuum expectation value for the Higgs and the Kronecker delta ensures color
conservation. The gluon-quark-anti quark vertex contribution is:
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The diagram contailns a loop momentum [ . We need to intergrate over this loop momen-
tum. So finally the matrix element can be written as:
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where €) *(k), €}*(p) the polarization vectors of the outcoming gluons.
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Calculating the decay amplitude:
newline The numerator N of the loop momentum integral contains 3 x 2 x 3 = 18 terms.
Using trace technology we can eventually simplify it:

TrIN] = ()’ g% - Trl(l =k +mg)y" (T + my" (U + B+ my)]
i g2 Trl(l =k +mg) - (V144" mg) (71 + 7"+ v'my)]
i g2 Tri(l =k +mg) - P11+ 4P +"mg) + 7 mg(Y"1 + 7P +~"mg)]
= gl Tr{( =k +my) - I T+ 7 B+ 71 my
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= i g2 Tr{l- [T+ 7 1B + 7 1 my + 7 me" L+ 7 may B+ 7 mgymy]
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To simplify things we drop all the terms with odd number of gamma matrices using the

property
Trlodd number of ~'s] =0



So
Tr[N] = i-g? Tr{ly"Iv"mg + Iy"'my"l + IV m'p
—%vyfy”mq — %7“mq7“7— %7”mq7“ﬁ
+mg [V I+ AV I + Y mgyFmg|}
Grouping some terms:

TrIN] = i-g7-my-Tr{i{L4"} + {7 }"D
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Furthermore using
Trly"y*] = 49"
and
{77} = 29"
For the first term in the square bracket the calculations yield:

Triiy{Ly"Y = Triiy"{lay®, 7"} = Triiyla{r™, 7"} = Tr(iy"1a29°"]

= Tr{ly"1"2] = Tr{l ,"~"1"2]
— 20", Tr[y"y"] = 81Ml,g" = 811"

So the trace can now be written:
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Also an other identity that should be used:
Triy*y" 797 = 4(¢" 9" — 9"° 9" + 9"79"")
Giving:
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4 gg . mg 4t
= i-g2-dmgy - [A(IMY — PgU) + 2(1p" — KVIM) — KVpt 4 kFpY + (m? — kp) - ¢*)



The next task is to treat the denominator:
1
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The integration is over [. We see that we have a product [? x [? x [? in terms of powers
of [ . So we can rewrite the denominator in the form of a quadratic polynomial raised in
the third power. This procedure is called Feynman parametrization.

We start from observing that the integral
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is easily calculated and is equal with ﬁ . For three terms in the denominator the appro-
priate formula is:
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With A = ((I = k)? —m2+ie) , B= (1> —m2 +ie) , C = ((I+p)*> —m2 +ie) :

z=1

1 20z +y+z2—1)
“RA = dxdyd
ABC / o Z[$A+yB~I—zC]3
z,y,2=0
T 26( 1)
THY+z—
= dxdyd
xyz/zo xray Z[:U((l_k)Q_m3+ze)+y(l2_mg‘i‘lﬁ)—'—Z((l—i—p)Q—m3+ze)]3
=1
_ / 26(z +y+2—1) dedydz
o ay 2B b ok? = 2elk 4 220p 4 2p — (2 y + 2Jmi + (2 4y + 2)ie)]?
T,Y,2=

The delta function imposes the constraint x +y + 2z =1 so
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We complete the square by adding and subtracting the term (zp — zk)?
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k? and p? are zero since they express the masses of the gluons which are massless. So the
denominator becomes:

L / / dzdz 2
ABC (I + (2p — xk))? + 222kp — m2 + ie)]3

=0 2=0

p + k is the four momentum of the Higgs scalar and p and k are the four momenta of the
gluons. Also the square of the four momentum expresses the mass squared. So we have

(p+k)? = mp
PPk 420k = m3
20k = m;

Finally by setting [ + (2p — zk) = £ and zzmj — mg + ie = A the denominator becomes

r=1
1 p
ekl I G CEINE
x=0

Going back to the numerator:

N =i g2 dmg- [AU — g™ + 2(1°p" — K1) —K"p" + kip” + (m2 — kp) - g™

We will call the term under the overbrace N(L), denoting the terms of the numerator that
contain the loop momentum [. These terms will be shifted to the the new momentum
C=l+zp—ak—>1=0—zp+zk

N(L) = 4(I"" = Pg™) +2(0"p" — k"I)
4[(0 — 2p + 2k)"(€ — zp + zk)” — (L — 2p + xk)*g"]
+2((0 — zp + zk)"p" — k¥ (0 — zp + zk)*)

= A[(* — 2pH + k") (0¥ — zp” + k) — (2 + 20(xk — 2p) + 2*K* + 2*p® + 2x2kp)g”

+2[(0" — 2p” + k" )p" — kY (0 — 2p* + xkM)] =
Droping k? and p?:
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T2 ! — 2P A Tkt — KU A 2k — kR

To simplify things even more we observe that we have some linear terms with respect to
¢ . For example the term ¢#(xzk” — zp”) inside the integral will be
z=11—x
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Since the interval of integration is symmetric and the integrand is an odd function, the
integral vanishes. So we can drop all linear (¢) terms from the numerator, which now
becomes.

N(L) = [0+ ok — o) okt — )] — [ — 2u2kp)g]
+2(—2zp"p" + zk"p" + 2K p* — k¥ EH)
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—(0* — 22zkp)g") + 2(—zp"p" + kK p* + 2KV pt — xkVEM)
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—4xzp’ k" + (22 + 22 — 4zw)K pH + w2 - mi gt

Now we have everything that we need to calculate the integral
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Which now becomes
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Lets deal with the terms under the overbrace, containing ¢? and ¢#¢” first.

L[, e g
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First the integral [ %% will vanish if 1 # v this can be seen through the example

[y ap =@y ] e e

The integral in the brackets has an odd integrand in a symmetric integration interval so
it vanishes. So only the terms where p = v really matter. A tensorial quantity that has
the p # v elements zero is g"” . So assume that ¢#¢” is proportional to g"” :

0 = Xg"" = g M = Agu g’
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But g,,¢" is equal with d , the dimension of the space. So A = % . Now the integral I(¢)

can be written: A
I d4€ 2(6—1 — 1)g“y€2
0= | Gy vy
To proceed we employ the technique called dimensional regularization. First we perform
a Wick rotation /° — i/° . By doing this we get rid of the minus sign of the Minkowski
metric and now d*/ = dQ3d®¢ in "polare coordinates” can be written We start from the
d-dimensional integral (in "polar” coordinates, dD Euklidean) :

/ A N / A ]Odg 2
erl 2=a)F ') eol) TE-a)p
0
Note that the factor i came from the replacement /© — i/° . Also notice that the sign of

A has changed.

The area of a d-dimensional sphere is

The second integral is
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Comparing with definition of the beta function :
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')l
/dx (2)*Hr = 1) = Bla, B) = F((Z)+<§))
0
the last integral can be written:
Oodg pd+1 B A5—2 r(2-— %)F(l + %l)
/ [2—-A)pP 2 I'(3)

0

So the integral we wish to calculate can be written:
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This is potentially divergent. We need to examine the behavior in the neighborhood of
d = 4 which the dimension of our Minkowski space. To do so we introduce 2¢ =4 — d .
So

r(2—g)—F(€)
This gives
4 d
2705 L, ,re-8) _ (4-d) AL ,T2-D)
pr O R (e ERE A V)
2¢ A __T(e)

Using now the expansion of the I' function:
1
L(e) = -7 + O(e)

the above becomes
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where 7 the Euler - Mascheroni constant and (4F)° ~ 1. So

/ ddf 2(%—1)€2 €
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Taking the limit ¢ — 0 we see that for d = 4 the integral does not diverge and its value
1

1672 |
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The part of the integral in M that does not contain any ¢ (we denote it as [):
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Lets repeat the calculation for the integral:
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This quantity will be multiplied with the polarization vectors of the gluons €
. But having in mind the tranversality of the polarization: p*e)*(p) = 0 and k” A (k

, many terms vanish. The terms that will survive are

1
(1 — daz)p’k* + (m2 — §m2 + 2z - m2)g"|

decay amplitude M can now be written:
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So the initial expression of the
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M o= —i
zv( ) X

1
ig" 2 (1 = de2)p"k? + (mg — Smij, + 22 - mj )™
[ gg 4mq / /dxdz ]

167r2 2. 16m2A
e,ﬁ (k) -eu “(p) - Tr[t"t"]
= 1
T g AL depk 4 (- g+ oz )]
M = —i i (—1) xi-g:-4m, / /da:dz[ T ] x
e (k) - €, (p) - Tr[tt’]
Tr= v » 1 ,
Moo= -T2 /l/dxdz g(my ¥ wemi) + 0L = AsIpHE g = g 22
- v ST 472 A
=0

6)\/*(/{7) . ﬁ*( ) . TT[tth]

v

m g ( ——mh +2xzm}) + (1 — 4xz)pkH N ,
M = ——-g2-m dxdz| (k) - e)*(p) - Trlt"t*
" // ] e < e (k) - (o) Tl
. (1 —das)5md g — k]
M = —.¢g>m / /dwdz 2 5 | x e *(k) - e}’)*(p) - Tr(t't?]
v Am?m2(1 — xz k)
m? _mh g —p'k —4dxz ’
M = ——%.42. 2 / /dmdz ] xer*(k) - eX(p) - Tr[t’t]
v 4m?m? 1— 220 "
9 lm% N 9
_ 9s bia 2 my, A Ak
M = —;-Tr[tt]- i ~I(m3)><ey (k) - e, (p)
From the GWS theory of weak interactions we have that v = Q’”TW with g = sineGW . S0

v = 2mwsinbw - Algo the trace Tr[t't?]:
bia 1 ab

Plugging v , g and Tr[t?t]:

1
2 —mj - g — p’kH 2
e-g 1 ab 2 h mj Ve N
me sin QW 2 A2 (mQ) € ( ) 6;1, (p>
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This is our first achievement , the calculation of the transition amplitude for the first
diagram:

/ . 2 1 1 m2 ,
M)\Aozb:_#__é‘ab. Zm2 g™ — Yk . T i A\ % k) . Ak
1 8m2myy sin Oy 2 (th g pk) (m ) X €, " (k) - ;" (p)

We need now to calculate the transition amplitude for the second diagram. Lets compare
and observe the two diagrams:

1st diagram

We see that if we change in the first diagram p — &, u — v and A — X we get the second
diagram. But these three transformations leave invariant the final (boxed) expression of

M (;\Alo‘b . So we conclude that the two diagrams contribute equally to the total amplitude
M which is x2 the boxed expression. Thus finally

A\
~ ~

m2 1 'y .
—Ly. (§mi g™ — Pk x ) (k) - € (p)

’ . g2 1
MAAab:_ € 9s __50417.]
a 4Am2myy sin Oy 2 (mg

Now to find the decay rate we need to sum this expression over all possible gluon polar-
izations A and )\ , over all colors o and b and over all possible intermediate loop quarks
and then square it. To simplify things lets deal first with the tensorial structure under

the overbrace (lets call it T ).
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1 ’
(§mi g =Pk x e (k) ey (p)| =

IS

m
AN AN
1 1
(§m2 . 9#11/1 _ V1ku1) . (gmi . guwz _ puzkm)
<D (k) e (p) € (k) - e p) =
AN
mp 2

2
gmmguzuz _ 7h griprR ke — % PP gl ke kuz]

= 17
XZ () - e, (0) - €, () - ei(p) =

AN
4
m v v / e
_ 4h' g #22XZ #1 “2 .Zgi‘l(kj).ef‘q (k)
A/
2
m v v * ! ,*
=GR X Y e (0) e (v) - e (k) -6, (k)
A N
mi N by
_7 PR gHeve Z m uz . Zem (k) “€ (k)
)\/
_|_pulku1pl/2ku2 X Z € p . 62:(}?) . Z 61),\1 (k') . 6;\2*(147)
A N

When we have a sum over the polarization vectors of massless gauge bosons, we can use the
replacement originated from Ward identity:

> ep) e (p) = gu

A
So the above can be written:
’ 2 m4 m2
‘T)\A ob = Th 'gmylg 2V2gH1M2gV1V2 - Th : gﬂlleVzkwgmwgylm
m;,
2 S A e PR P o R il | A BN
4 2 2
m m
= . 4 — _hpwk!uguzl/z -l pylkulgmlﬂ +p2k2
4 2 2
2
m
— o — miph = m —
_om
)

So the total amplitude M q”\,ab (underlined expression) can be squared:

—e-g; ab mh AN ‘
47r2mwsin0W’ Z‘ 20 ZI q WY ’T
6 Q
16m*m¥, sin? Oy, _2’5 b| ZI

13

(MIP =




The are 8 gluon colors so the indices a,b € {1,8} . Thus:
Z } 6ab‘2
a,b

So finally

m

g
M|* = s Dy I(—2
[M] 167r4 iy sin 9W - (m2)

Last thing is to go back to the decay rate formula:

1 Bp 1 Pk o1 )
' ' M 2 214 6@ (my — p— k
2mp, / (27)32E, (27)3 2E}, \M(my, — p, k)]> (2m)* 6@ (my, —p — k)

In the rest frame of the scalar Higgs the energies of the two (massless) gluons are the same

E,=E;=1p| = ’E‘ . Also the delta function can be analyzed as:

SV (mp—p—k) = 6(mp—E, — E)6® (pp=p+k)
= d(m h—2\ﬁ1)5(3><ﬁ+/?5)
= O[=2(lpl - = ZY6® 7+ F)

Using the identity of the delta function d[a(z — )] = = 6(z — ¢) . We have

lal

39 o — p— k) = 5671 — 59 5+ F)
Then I' becomes:
I = 2;1;1/(;[;2;3 (d3]§34|;12 | M (my — p, k)| (277) o(|p _%)5( (F+ k)
— M [ d%—a 71— )
= i P /dﬂ/lﬁl i 2
- 64771;1#2 (M 4 1
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The final result for the decay rate is:

|MJ?
16mh7r

I' =

1 gs . mh
 16myw 1674m3, sin® Oy Zq: (mg>

. e . : : :
If we introduce the fine structure constant o = e and its analogue in strong interactions

9 T
%

a, = :
* d4n

2,3 2
L aog-my [(mh)
o 212 ain2 2: 2

4 m2my;, sin” Oy =My

Also the form factor implies that the heavier quarks contribute significantly to the decay rate.
So we expect only the top quark to play an important role.

1—-4
//da:dz xz]
1—952

=0 2= q
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